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ABSTRACT. An investigation is made of the interdependence and properties

of the spectrum of a hyponormal operator T and of the spectra, and absolutely

continuous spectra, of the factors in a polar factorization of T when the latter

exists.

1. Introduction. Only bounded operators on a fixed separable Hilbert space

H will be considered in this paper. An operator T will be said to have a polar

factorization if T = UP where U is unitary and P is a nonnegative selfadjoint

operator. (Other factorizations in which U is not unitary but is only an isometry

or a partial isometry, cf. Haimos [l, p. 68], or Kato [3, p. 334], will not be con-

sidered.) Thus, if T has a polar factorization T = UP, then T* = PU* and T*T

= P2, hence P - {T*T)*, so that

(*«*> T = UP,     U unitary and P = (T*T)H.

In general the unitary factor is not unique. In case T is nonsingular, that is, if

0 is not in its spectrum, the polar factorization exists, is unique, and was given

by Wintner [12]; a generalization was obtained by von Neumann [4, p. 307].

As noted above, if T = UP where 17 is unitary and P is nonnegative then

necessarily P = {T*T)>Ä. Also,

(1.2) TT* m U{T*T)U* (equivalently, (TT*)H = U(T*T)>AU*), U unitary.

Conversely, it was shown by Hartman [2], using the above mentioned result of

von Neumann, that if T is arbitrary then the nonzero spectra of T*T and TT*

are identical, including multiplicities of both point and continuous spectra, while

0 may occur in the point spectra of T*T and TT* with different multiplicities.

Further, (1.2) holds for some unitary U if and only if the multiplicities of 0 in the

point spectra of T*T and TT* (equivalently, of T and of T*)are equal, that is,

(1.3) dim,*: Tx = 0j=dim|x: T*x = Oj.
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In addition (cf. [2, p. 234], T has a polar factorization (1.1), for some unitary U,

if and only if (1.2) holds for some (not necessarily the same) unitary U, or, equiva-

lently, if and only if (1.3) holds. In this case, the unitary operator U of (1.1) (but,

of course, not that of (1.2)) is uniquely determined if 0 is not in the point spec-

trum of T (and/or T*), that is, if the common dimension of (1.3) is 0.

Next, an operator is said to be hyponormal if

(1.4) T*T - TT* = D > 0,

and completely hyponormal if, in addition, there is no nontrivial subspace reducing

T on which T is normal. It was shown in Putnam [8] that if T is completely hy-

ponormal then its spectrum, sp(T), has positive planar measure and, in fact,

^        if T is completely hyponormal then meas2(sp(T) O a) > 0 when-

ever sp (T) O a ^ empty set,

where ct denotes any open disk of the complex plane.

Let Tz = T - zl for any complex z. Then T*TZ - TJ*Z = T*T - TT* and

hence

(1.6) \x: T j = 0} C \x: T*x = 0}   if T is hyponormal.

Hence, if z is in the point spectrum of a hyponormal T the corresponding eigen-

space is a reducing space of T on which it is normal. It is also clear that if T

is hyponormal and if 0 is not in the point spectrum of T* then T has a (unique)

polar factorization (1.1). Of course, if T is normal, and whether or not 0 is in

the point spectrum of T*, equality holds in (1.6) for all z, in particular, for z =

0, and it follows that T must have a (that is, at least one) polar factorization.

Such a factorization is easily constructed, for instance, from the spectral resolu-

tion of the operator. The unilateral shift (cf. Haimos [l, p. 40]) is an example of

a completely hyponormal operator which fails to have a polar factorization (1.1).

Recall that A is a selfadjoint operator with the spectral resolution A =

ftdE( then the set Ha(A) of elements x in H for which ||Ht*||2 is an absolutely

continuous function of t is a subspace of H reducing A. The operator A is said

to be absolutely continuous if Ha(A) = H. Similar concepts can be defined for a

unitary operator U - j£7reltdEt; cf. [6, p. 19].

If T is hyponormal with the rectangular representation T - A + iB (A, B self-

adjoint) it was shown in Putnam [5] (cf. also [6, p. 46]) that, exactly as in the

case when T is normal, the spectra of A and B ate precisely the projections, as

real sets, of the spectrum of T onto the real and imaginary axes. Further (cf.[6,

pp. 42—43]), both Ha(A) and Ha(B) contain the least subspace of H reducing T

and containing the range of T*T - TT*. In particular, if T is completely hypo-

normal, A and B ate absolutely continuous. This paper will deal with an analogous
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investigation of the spectrum of T and of the spectra, and absolutely continuous

spectra, of the components of a polar factorization of T, when the latter exists.

For use below, recall that a number / is said to be in the essential spectrum

of a selfadjoint operator A, essp(A), if / is either a limit point of sp(A) or is an

eigenvalue of infinite multiplicity. The point spectrum of any operator T will be

denoted by ptsp (T).

2. Theorem 1. Let T be hyponormal and let

(2.1) z e boundary of sp (T).

Then

(2.2) M e sp (T*T)** n sp (TT*)**.

Further, if T is completely hyponormal, then

(2.3) |z|eessp (t*t)** nesspCrr*)*.

Proof. The hypothesis (2.1) implies that there exists a sequence of unit vec-

tors,        for which (T - z/)xn —» 0. Since T is hyponormal, also (T* - zl)xn—*

0 and so (T*T- |z|2/)xb~.0 and (TT* - |z|2/)xn-»0, hence also ((T*T)** - \z\l)xn-*0

and ((TT*)** - |z|/)xb-» 0, and so (2.2) follows. Further, if z is an

isolated point of sp(T), T has a normal part with eigenvalue z (cf. Stampf Ii [ll,

p. 473] or Putnam [8]). Hence, if T is completely hyponormal, it follows from

[7, Theorem 2 of p. 506], that the above sequence {x^l can be chosen so as to

converge weakly to 0, and hence (2.3) holds.

Remarks. The above argument shows that if T is normal, then (2.2) holds,

if, instead of (2.1), it is supposed only that

(2.4) zesp(T).

In general, however, if T is only hyponormal, condition (2.4) does not imply (2.2).

One need only let T denote the unilateral shift operator, so that on the I2 se-

quence space x « (xj, x2,•••), Tx = (0, Xj, x2      ). Then sp(T) is the closed

unit disk but T*T = / and TT* = diag (0, 1, 1, • • •).

As noted earlier, the unilateral shift fails to have a polar factorization (1.1).

However, even if T is hyponormal and nonsingular, in which case a polar factor-

ization (1.1) is assured, still (2.4) does not imply (22). To see this, consider the

doubly infinite nonnegative diagonal matrices

A = diag (• • •, fl_j, «0, «j, • ■ •)   and   B = diag (• ■ •, b_ v b0, bv • • • )

with a. = 4 for i > 1, a. = 1 for i < 0, b. = 4 for i > 0, b. = 1 for i <-l. Let P

denote the nonnegative square root of B and put T = UP, where U is the unitary
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bilateral shift on the sequence space of vectors x = (•••, x_., xQ, x,,•••),

2 |x.|2 <    defined by (Ux)n =*n_x (« = 0, ±1, ±2, • • •). Since A = UBU* then

T"*T - TT* «= B - A = diag (■ • ■,    j. rf0, dv -..)

with ^0 = 3 and d. = 0 for i ^ 0. Thus T is hyponormal but not normal. Also,

sp(T) = {z: 1 < |z| < 2}, as can be deduced, for instance, from the results of this

paper (cf. Theorems 8, 9 below). However, sp(TT)5* = sp (TT*)5* = |l, 2}.

Theorem 2. Let T be byponormal and suppose that z e sp(T) and z 4

ptsp(T*). Then |z| eessptTT^n esspC/T*)5*.

Proof. Since T is hyponormal, T* Tz > TzT* , where Tz = T - z/, and so,

since z e sp(T), 0 e sp (T2T*). Also, since z ^ ptsp(T*), then z ^ ptsp(T).

Consequently, 0 is in the essential spectra of both T* Tz and TzT* . In view of

the inequality T* Tz > TzT*, there exists a sequence of unit vectors, jrj, con-

verging weakly to 0 for which both (T - zl)x —♦ 0 and (T* - z l)x —♦ 0 and

hence (TT - |z|2/)xn — 0 and (TT* - |z|2/)"n _ 0. Thus, |z|2 is"in the essen-

tial spectra of both T*T and TT*, and the assertion of the theorem follows.

3. Theorem 3. Let T be hyponormal with a polar factorization (1.1). Suppose

that z ^ 0 and satisfies (2.4) and that z = \z\eie. Then, for any U of (1.1),

(3.1) ei9eSp(U).

Proof. Let z, = re'9 where r = max{|z|: z = \z\e'9 and z e sp(T)}(hence

r > 0). Clearly, Zj is a boundary point of sp(T) and, as in Theorem 1, there

exists a sequence of unit vectors, \*n\, such that (T — Zyl)xn —» 0 and (T* — z"j/)xn

-♦0 and hence also ((TT)5* - r/)x — 0. But (T-z,/)x = tV(TT)Hx -z,x
« In n      1 n

—»0. Since r > 0, this implies that (fixn - ex) —» 0 and, hence, that (3.1) holds.

4. Theorem 4. Le/ T be hyponormal and nonsingular, so that T has a (unique)

polar factorization (1.1). Then if el9 € sp(fj), there exists a z = \z\e'e 4 0 sat-

isfying (2.4).

Proof. We have T = UP and

(4.1) P2_fJP2fJ* = TT-TT* = D>0.

Since e'9 e sp{U) there exists a sequence of unit vectors, {x i, satisfying

(U - ei9l)xn — 0, hence {U* - e~i9l)xn — 0. Clearly,

\\D%\\2 = (Dxn, x„) = (P\, xn) - {UP2U*xn, xn)

= (P2xn, xn) - {P2U*xn, U*xn) _ 0,
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and so Dxn — 0. Hence, by (4.1), P V - UP2U*xn -> 0, that is, (U* - e~iei)P2xn

—» 0. A similar argument shows that (U* - e-,e/)/(P2)xn —» 0, where /(<) is a

polynomial, or, via the functional calculus, a continuous function on (— «>, <*>). It

then follows (cf. a similar argument in [6, p. 46]) that there exists a number s > 0

and a sequence of unit vectors jyj suchthat (P2 - s/)yn —> 0 and (U* -e~'el) yn

—»0, hence also (P - s^l)yn —» 0 and (t7 - ei0l)yn —» 0. Consequently,

if z - s V*, then (T - z/)yn -» 0 (also (T* - F/)yn -»" 0) and so (2.4) holds.

5. Theorem 5. Lef T be hyponormal with a polar factorization (1.1) and sup-

pose that

(5.1) 0<ptsp(T).

// eie e sp(t7) then there exist zn = \zn\eld" ^ 0, z e sp(D, for which dn — 6.

Remark. Note that if T is completely hyponormal then the hypotheses (1.1)

and (5.1) are certainly fulfilled.

Proof. In case T is nonsingular the above theorem follows from Theorem 4.

The theorem also is clear if T is singular and if there does not exist some open

wedge

(5.2) W = \z: z = re", r > 0, a <t < b\, a<d<b,

for which

(5.3) sp(T) D IV is empty.

Consequently, it is sufficient to show that if T is singular then the assumption

that there exists a wedge W of (5-2) satisfying (5.3) leads to a contradiction.

Suppose then the existence of such a wedge. Consider the bisector of W,

that is, the half-line \z: z = re'^^"*b\ r > 0\ and choose complex numbers s =

|sn|eI'/*(a+i,) ^ 0 on this half-line satisfying sn —> 0. It is clear that each (hypo-

normal) operator Tn = T - snl is nonsingular and that, by (5.3), sp(Tn) n W is

empty. If 7n = UnP„ is the (unique) polar factorization of Tn then, by Theorem 4,

(5.4) eu e sp (Un)     (n = l,2, • • •) whenever a < t < b.

But ||T - TJ -V0 and hence ||P - Pj = \\{T*T)V' - (T*Tn)^|| — 0. Also,

UnP - UP = Tn - T + t7n(P - P), so that \\UnP - UP\\ — 0 and, in particular,

Un?x —» UPx (strongly) for all x in H. In view of (5.1), 0 4 point spectrum of

P = (T*T)'4, hence the range of P is dense, and consequently

(5.5) Un — U (strongly).
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By (5.4),       — ei9l)x§ > c||x|| for all x where c is some positive constant, and

hence, by (5.5), ||(tV - ei9l)x\\ >c\\x\\. This implies that ew 4 sp(U), a contra-

diction, and the proof of Theorem 5 is complete.

6. Theorem 6. Let T be completely hyponormal and have a polar factoriza-

tion T = UP of (1.1). In addition, suppose that there exists some open wedge W

of (5.2) satisfying (5.3). Then

(6.1)   P = (T*T)^ (hence also (TT*)M) and U are absolutely continuous.

Proof. It follows from Theorem 4 that no e'9, a < 0 <b, can belong to sp(l/).

It now follows from (4.1) and the theorem of [6, p. 21], that both ^a(P2)

(= H(T*T) = Ha((T*TfA)) and HaW) contain the least subspace, M, of H reducing

P2 and U (equivalently, reducing P and U) and containing the range of D =

T*T - TT*. Since T is completely hyponormal, M = H, and, in particular, (6.1)

follows.

7. Theorem 7. Le/ T fee hyponormal and suppose that

(7.1) r£sp(T*T)   (hence r > 0).

T&en Z&ere exists a z € sp(T) for which \z\ = r .

Remark. The hypothesis (7.1) of Theorem 7 can be replaced by

(7.1)' reSp(TT*)   (hence r > 0).

In fact, if r = 0 then T is singular and 0 e sp(T). If r > 0, then (7.1)' implies

(7.1) ; cf. §1 above.

Proof. We first establish the theorem under the added hypothesis that T has

a polar factorization (1.1) and that sp(U) is not the entire circle |z| = 1. Thus,

(7.2) T=UP   and   meas j(sp ((/)) < 2n.

Let et9 4 sp(U) and define the unitary operator Uq = e~l9U. Then 1 4 sp((/ö)

and relation (4.1) becomes P2 - UgP2Ug = D. Now, Ug is the Cayley transform

of a selfadjoint operator A, where

(7.3) Ue = (A - il) (A + il)~1     (Ue = e-i9U).

If C = ViA + il)D(A + il)*, it is seen that

(7.4) AP2 - P2A = iC,     C > 0.

(For a similar argument, see [6, pp. 16, 21].)

Next, by (7.1), r 6 sp(P2), so that (P2 - r/)*n —» 0 for some sequence of

unit vectors \x \. But, by (7.4), i\\C*x II2 = (AP2x , x ) - (Ax , P2x ) — 0 and
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so Cx —» 0, and hence by (7.4) again, (P2 - rl)Ax -» 0. Similarly, one obtains

(7.5) (P2 -rI)Akxn-+0  as «-»«o (A = 0, 1,2, ...).

In view of (7.3) and the relation Ug = (A - il)~l(A + il), it follows from (7.5) that

(7.6) (P2 _ Ti)u^xn — 0,     n — ~ (* = 0, ±1, ±2, ... ).

Hence, by an argument similar to that of [6, p. 46] (see also §4 above) there

exists some e*^ € sp(l/) and a sequence of unit vectors, (y |, such that

(P2 - rl)y  — 0 (hence (P - rAl)y  — 0) and {U - ei4>l)y   — 0. Thus, if z =

r™el<t> then (T - z/)yn —» 0, thus z e sp(T), and so Theorem 7 is proved in the

special case in which (7.2) is assumed.

Next, we consider the general case of Theorem 7. Let T have the rectangu-

lar representation T = A + z'B where A has the spectral resolution A = JtdE(.

Let $n = (- oo, oo) - (-1/«, l/n) for « = 1, 2, • • • and consider the hyponormal

operator T = £(S )TE(S ) defined on the Hilbert space E(S )H. Then sp(T )
* n ft        n n * n

lies outside the strip |Re (z)| < l/n (see [6, p. 46]) and also (see [8], [9])

(7.7) sp(Tn)Csp(T).

In particular, each Tn is nonsingular and hence has a polar factorization Tn =

UnPn and, by Theorem 4, measjUpO^)) < 2w (n = 1, 2,• • • ), so that (7.2) holds

with the role of T played by T . In addition, it is clear that

(7.8) Tn —> T,     T* —» T*   (strongly) [Tfl here as an operator on H],

Consequently, T*T^ —» T*T (strongly) and, by (7.1), there exist rn e sp(T*Tn)

for which rn —> r. (The argument is similar to that following formula line (5.5)

above.) Since the assertion of Theorem 7 has already been proved for the T , there

exist zn e sp(Tn) such that |zj =>"„*—» r^. Since, by (7.7), zn e sp(T), and since

\zn\ is a bounded sequence, there exists a convergent subsequence <z„fei> say

zn^ —» z. Clearly, this z satisfies the conditions of Theorem 7 and the proof is

complete.

8. Theorem 8. Let T be completely hyponormal and suppose that

(8.1) t (>0) is an isolated point of sp (TT*).

Let a = inf fs: s e sp (TT*), s <r and, if s <r, (s, r) contains no points of the

essential spectrum of TT* I; and b = supjs: s € sp (TT*), s>r and if s>r, (r, s)

contains no points of the essential spectrum of TT*\. Then a < b and either

(8.2) a < r   and   \z: a* < \z\ < rA\C ptsp (T*)
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(8.3) b>r   and   \z: r^ < \z\ < bX/l\ C ptsp(T*).

Remark. It should be noted that even if both inequalities a <r <b hold, still,

as simple examples show, only one of the relations (8.2) and (8.3) need hold.

Proof. First we show that a < b. Otherwise, a = b = r and sp (TT*) is the

singleton \r\. If r = 0 then T = 0, hence T is normal, a contradiction. Ii r > 0

then, since T*T > TT*, sp (T*T) = sp(TT*) = \r], that is, T*T = TT* = rl and

again T must be normal, a contradiction.

It follows from Theorem 7 and the remark following it that there exists a num-

ber zQ € sp(T) for which \zQ\ = r^. Also, there exist zn e sp(T) with |zj ^

|zn| satisfying zn —> zQ as n —» oo. Otherwise, there exists an open disk a cen-

tered at zQ and such that a O sp(T) is not empty and has zero planar measure.

This is impossible by (1.5). It follows from Theorem 1 and the definitions of a

and b in Theorem 8 that no boundary points of sp(T) can lie in the difference

set {z: ax/l < |z| < £>H} - |z: |z| = rH}.

Since |z | ^ |zQ| =     then, for any n, either |zj <     or |zn| > r**. Sup-

pose first that |zn| < r5* for some n. Then clearly a < r and, since no boundary

point of sp(T) can lie in lz: a^ < |z| < r^\, it follows that {z: a^ < \z\ < r^i C

sp(T). Relation (8.2) now follows from Theorem 2. Similarly, if |zj > r^ for

some n, relation (8.3) holds.

9. Theorem 9. Let T be completely hyponormal and suppose that

(9.1) measj(sp (T*T))     ( = measj(sp (TT*))) = 0.

Then there exists a finite or denumerably infinite number of pairwise disjoint open

annuli A  = |z: a  < \z\ < b ) (« = 1, 2, • • •) such that
n n    1 1 n

(9.2) sp(T) is the closure of the set LMn

and

(9.3) LM„Cptsp(T*).

Proof. Let zQ esp(T). Then consider any open disk a containing zQ. Then

necessarily or, contains a closed disk ß satisfying

(9.4) ß- |z: |z-Zj| <s, s >0|Csp(T).

In fact, otherwise, all points of aOsp(T) would be boundary points of sp(T).

Further, if the half-line L: 6 = c (const.) intersects a, then, by Theorem 1, each

r > 0 satisfying reic £ Ln(aOsp(T)) belongs to sp (T*T)^. Hence, by (9.1),

the set of such numbers r has linear measure 0. It readily follows from Fubini's

theorem that otOsp(T) (which contains z. and hence is not empty) has zero
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planar measure and hence, by (1.5), T is not completely hyponormal, a contradic-

tion. This proves (9.4).

If a = inf {\z\: z € ß\ and b = sup ||z|: z e ß\ then a < b. By (9.1), sp{T*T)H

cannot contain [a, b] and it follows from Theorem 1 that

(9.5) \z: a< \z\ <MCsp(T).

It is clear then that sp(T) is the closure of a set consisting of a possibly un-

countable number of closed annuli each of the form (9.5). By a standard procedure

(of combining intersecting annuli), one easily shows that sp(T) can be taken as

the closure of a countable union of disjoint closed annuli, each of the form

jz: c < \z\ < d\ with c < d.

For a fixed such annulus let U (cn, «/ ) denote the canonical decomposition

of the linear open set [c, d] - \[c, d] n sp (TT*)* I. (Note that any z satisfying

\z\ = d is a boundary point of sp(T) and that a similar statement holds for \z\ =

c provided c > 0. In view of T*T > TT* it is clear from Theorem 1 that both c

and d (even if c = 0) belong to sp (TT*)* .) It follows from (9.1) that \z: c < \z\

< d] is the closure of U B„» where Bn = \z: cn < \z\ < dj, and, from Theorem 2,

that each Bn C ptsp(T*). This completes the proof of Theorem 9.

A final result is the following

Theorem 10. Let T be hyponormal and suppose that

(9-6) sp (TT*) 4 interval.

Then T has a nontrivial invariant subspace.

Proof. Clearly, it can be supposed that T is completely hyponormal. Fur-

ther, by (9.6) (cf. the beginning of the proof of Theorem 8), sp (TT*) contains at

least two points r^ and r2 satisfying r^ <r2 and for which 0"j, r2) o sp (TT*)

is empty. It follows from Theorem 7 and the remark following it that there exist

zy z2 eSp(T) where |zj| = rA and |z2| = r*.

Clearly, T has a nontrivial invariant subspace if ptsp(T*) is not empty.

Hence, it can be supposed that this set is empty, and so, by Theorem 2, sp(T)

f*l \z: r* < |z| < r*| is empty. Thus, sp(T) is not connected and hence (cf. [10,

p. 421]) T has a nontrivial invariant subspace.

It may be noted that Theorem 10 is applicable to the unilateral shift but

that it would not be if (9.6) is replaced by the (stronger) condition sp (T*T) 7^

interval.
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